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ABSTRACT
Extreme-mass-ratio inspiral (EMRI) is an important gravitational-wave (GW) source and it normally con-
sists of one stellar-mass black hole (BH) whirling closely around a supermassive black hole (SMBH). In this
Letter, we demonstrate that the small body, in fact, could be a BH binary (BHB). Previous numerical scat-
ting experiments have shown that SMBHs can tidally capture BHBs to bound orbits. Here we investigate the
subsequent long-term evolution. We find that those BHBs with a semi-major axis of a . 5× 10−3 AU can be
captured to tightly-bound orbits such that they will successfully inspiral towards the central SMBHs without
being scattered away by stellar relaxation processes. We estimate that these binary-EMRIs (b-EMRIs) could
constitute at most 10% of the EMRI population. Moreover, we show that when the eccentricity of a b-EMRI
drops to about 0.85, the two stellar BHs will quickly merge due to the tidal perturbation by the SMBH. The
high-frequency (∼ 102 Hz) GWs generated during the coalescence coincide with the low-frequency (∼ 10−3
Hz) waves from the b-EMRI, making this system an ideal target for future multi-band GW observations.
Subject headings: black hole physics — gravitational waves — methods: analytical — stars: kinematics and
dynamics
1. INTRODUCTION
An extreme-mass-ration inspiral (EMRI) normally consists
of a stellar compact object, such as a stellar-mass black hole
(BH), and a supermassive black hole (SMBH). It is an impor-
tant target for space-borne, milli-Hz gravitational-wave (GW)
detectors because it could dwell in the band for as long as
the lifetime of the detectors (e.g. Amaro-Seoane et al. 2007;
Babak et al. 2017). Consequently, the number of GW cycles
accumulated in the band approaches 103 − 104. Such a long
waveform contains rich information about the space-time, as
well as the astrophysical environment, at the immediate ex-
terior of a SMBH (Gair et al. 2013; Barausse et al. 2014).
To decode this information, our model of an EMRI has to be
exquisitely accurate, both mathematically and physically.
In the canonical model of an EMRI, the stellar object is cap-
tured by the SMBH in two possible ways (see Amaro-Seoane
et al. 2007, for a review). (i) It is scattered by other stars,
a stochastic process know as relaxation, to such a small dis-
tance to the SMBH that the stellar object loses a significant
amount of its orbital energy through GW radiation and be-
comes bound to the big BH (Hils & Bender 1995; Sigurdsson
& Rees 1997). The event rate of this type of EMRIs is diffi-
cult to estimate because it depends on factors that are poorly
constrained by observations. The current estimation lies in
a broad range between 10−9 and 10−6 per galaxy per year
(Freitag 2001; Hopman & Alexander 2005; Hopman 2009;
Amaro-Seoane & Preto 2011; Aharon & Perets 2016; Bar-Or
& Alexander 2016; Babak et al. 2017). (ii) The small body
can also come from a binary, and now the binary is scattered to
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the vicinity of the SMBH. If the distance between the SMBH
and the center-of-mass of the binary becomes smaller than the
tidal radius, Rt := a(M3/m12)1/3 where a and m12 are the semi-
major axis and total mass of the binary and M3 the mass of the
SMBH, the interaction in general ejects the lighter member of
the binary and leaves the other, more massive member on a
bound orbit around the SMBH (Hills 1988, 1991; Miller et al.
2005). The corresponding event rate could be comparable to
the previous one (Miller et al. 2005).
In this Letter we point to a third possibility: A SMBH
could tidally capture a BH binary (BHB) to such a bound
orbit that the binary, as a single unit, inspirals towards the
SMBH through radiation of GWs. Our work is motivated by
the earlier numerical scattering experiments which show that
a binary after a close encounter with a massive body can gain
energy and expand its internal semi-major axis at the expense
of the orbital energy around the massive one (Hills 1991).
This result hints that the massive body can capture the binary
if the latter loses a substantial amount of its orbital energy.
More recent numerical simulations have confirmed this pos-
tulation and explicitly showed that about (40 − 50)% of the
binaries scattered to a distance of (1− 5)Rt become bound to
the SMBH (Addison et al. 2015).
However, it is unclear whether these binaries would remain
bound to the SMBH for a long time, a necessary condition to
form a successful EMRI, or they would be scattered away by
the stars surrounding the SMBH. Here we address this issue
and derive a criterion for successful inspirals. We refer to
those events satisfying our criterion as the “binary extreme-
mass-ratio inspirals” (b-EMRIs).
Although the long-term interaction between SMBHs and
binaries have been studied previously (Antonini & Perets
2012; Mandel & Levin 2015; Prodan et al. 2015; Stephan et al.
2016; VanLandingham et al. 2016; Liu et al. 2017; Petrovich
& Antonini 2017; Bradnick et al. 2017; Hoang et al. 2017),
these earlier works focus on the binaries that are far away
from the SMBHs, so that the GW radiation due to the orbital
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2motion of the binaries around the SMBHs is not important to
the overall dynamics. In our problem, however, the BHBs are
much closer so that the GW radiation cannot be neglected.
This is the key difference of our problem from those previous
ones.
2. FORMATION OF A B-EMRI
We consider a general case in which a binary of stellar BHs
falls towards a SMBH along a parabolic orbit. For tidal cap-
ture to happen, the BHB should pass by the SMBH with a
pericenter distance of
Rp ∼ Rt := a
(
M3
m12
)1/3
' 37Rg
(
a
105 rg
)
×
(
2
1+q
)1/3( m1
10M
)2/3( M3
106M
)−2/3
, (1)
where Rg =GM3/c2 is the gravitational radius of the SMBH, c
is the speed of light, m1 and m2 are the masses of the two stel-
lar BHs, q := m2/m1 is the mass ratio assuming that m1 ≥ m2,
and rg = Gm1/c2 is the gravitational radius of the bigger stel-
lar BH. In the following we focus on the binaries with q' 1,
because they are likely to form in the star clusters surround-
ing SMBHs (Abbott et al. 2016; Amaro-Seoane & Chen 2016;
O’Leary et al. 2016). We also scale a with 105 rg and the rea-
son will become clear later in this section. The lifetime of the
BHB is determined by the GW radiation timescale
tgw :=
a
|a˙| =
5a4F(e)
64cr3gq(1+q)
(2)
' 1.2×10
7
q(1+q)
(
m1
10M
)(
a
105 rg
)4
F(e)yr, (3)
where a˙ is the decay rate of the semi-major axis due to GW
radiation, e is the orbital eccentricity, and F(e) = (1−e2)7/2(1+
73e2/24+37e4/96)−1 (Peters 1964).
At the periapsis passage, because of the tidal interaction
with the SMBH, the binary has a (40− 50)% chance of gain-
ing an energy (Addison et al. 2015). We can quantify this
energy gain with ηGm1m2/(2a), where the efficiency η is typ-
ically 10% (Addison et al. 2015). According to energy con-
servation, the orbit around the SMBH loses the same amount
of energy so that the binary becomes gravitationally bound to
the SMBH. The binding energy is E3 ' ηGm1m2/(2a).
We now look at the properties of this bound orbit. From
E3 we derive a semi-major axis of R ' (a/η)(M3/µ). On the
other hand, the pericenter remains to be Rp because of the
conservation of angular momentum. Consequently, we can
derive an eccentricity e3 from
1− e3 =
Rp
R
' 4.6×10−5 q
(1+q)4/3
( η
0.1
)
×
(
m1
10M
)2/3( M3
106M
)−2/3
. (4)
Interestingly, it does not depend on a. Therefore, the small
value of 1− e3 indicates that the orbit of a captured binary, in
general, is very eccentric.
The high eccentricity will affect the stability of the orbit in
two ways. On one hand, the orbit is more susceptible to per-
turbations by the surrounding stars because the angular mo-
mentum,
√
GM3R(1− e23), is small. To be more quantitative,
suppose Trlx characterizes the typical timescale for stellar re-
laxation processes to completely alter the orbital elements of
a circular orbit, the timescale to spoil an orbit with an eccen-
tricity of e3 is only Trlx(1−e23) (Amaro-Seoane et al. 2007). On
the other hand, the orbit circularizes very fast due to GW ra-
diation because the associated timescale Tgw (on which 1− e3
decreases) is proportional to R4(1− e23)7/2 (Peters 1964). For
our purpose, we use the relationship Rp = R(1− e3) to rewrite
Tgw and find that
Tgw '
13R4p
64cR3g
(
M3
m12
)
(1− e3)−1/2 (5)
' 4.7×106 (1+q)−7/3
(
1− e3
10−5
)−1/2
×
(
m1
10M
)5/3( M3
106M
)−2/3( a
105 rg
)4
yr. (6)
To become a successful b-EMRI, the BHB should be able
to circularize. This criterion means (1 − e23)Trlx > Tgw. To-
gether with Equations (3) and (4), we find that the criterion is
equivalent to
a< acri ' 4.5×104 rg
(
Trlx
109 yr
)1/4 q3/8
(1+q)−1/12
×
( η
0.1
)3/8( m1
10M
)−1/6( M3
106M
)−1/12
yr, (7)
where we have adopted a typical value of 109 years for Trlx.
This is the reason that we scaled a with 105 rg in the previous
equations.
To estimate the formation rate of b-EMRIs, we first re-
call that in a relaxed stellar system it takes approximately a
timescale of Trlx for a star to explore all possible orbital angu-
lar momentum around a SMBH, and the fraction of the orbits
that have been explored scales linearly with time (Binney &
Tremaine 2008). For this reason, during the lifetime of a BHB
with a∼ acri, the probability of being captured is
p∼ tgw(acri)
Trlx
' 4.9×10−4 q
1/2F(e)
(1+q)2/3
( η
0.1
)3/2
×
(
m1
10M
)1/3( M3
106M
)−1/3
. (8)
It turns out that this probability does not depend on our as-
sumption of Trlx. Furthermore, the typical merger rate of
BHBs in a galactic nucleus is about ΓBHB ∼ few × 10−7
per year (Miller & Lauburg 2009). From these numbers,
we deduce a b-EMRI rate of pΓBHB ∼ 10−10 yr−1 galaxy−1.
Comparing this number with the event rate of normal EM-
RIs, i.e., those consist of single stellar BHs, which is about
10−9 − 10−6 yr−1 galaxy−1 (see Section 1), we find that in the
most optimistic case b-EMRIs could constitute 10% of the to-
tal EMRI population.
33. CIRCULARIZATION
The tidal-capture process described in the previous section
produces a triple system: A BHB revolves around a SMBH
on a gravitationally bound and extremely eccentric orbit. It
satisfies the criterion of stability,
a
Rp
e3
1+ e3
< 0.1 (9)
(Naoz 2016). Therefore, we can treat it as a hierarchical triple
and study its secular evolution by dividing it into two compo-
nents: (i) an “inner binary”, which is simply the BHB, and (ii)
an “outer binary” whose first member is the BHB, behaving
as a single unit, and the second one is the SMBH.
Unlike other triple systems that have been studied previ-
ously, our b-EMRI loses energy and angular momentum due
to GW radiation. Moreover, both the inner and outer binaries
emit GWs and are shrinking. It is, therefore, useful to under-
stand which binary evolves faster. The evolution timescales
have been calculated in Equations (3) and (6), and from them
we find
tgw
Tgw
' 6.6F(e)q−1
(
1+q
2
)4/3 (1− e3
10−5
)1/2
×
(
m1
10M
)−2/3( M3
106M
)2/3
. (10)
Since the majority of the captured binaries have e< 0.5 (Ad-
dison et al. 2015), the above ratio is bigger than unity. This
result implies that the outer binary normally evolves faster. In
other words, the b-EMRI circularizes first.
During the process of circularization, the periapsis of the
outer binary is more or less conserved, but the apoapsis keeps
shrinking (e.g. Peters 1964). As a result, the inner binary feels
an increasingly strong tidal force from the SMBH. The tidal
perturbation might excite the eccentricity of the inner binary
due to a Lidov-Kozai mechanism (Lidov 1962; Kozai 1962;
Naoz 2016) and significantly shorten its lifetime tgw. The re-
maining of this section shows that it happens at a much later
time, not until the outer binary has significantly circularized.
A necessary condition for the Lidov-Kozai mechanism to
take effect is that the associated timescale, tLK, is shorter
than the relativistic precession timescales of the inner and
outer binaries (e.g. Chen et al. 2011; Chen & Liu 2013;
Chen & Amaro-Seoane 2014). The precession timescales
can be calculated with tGR = a(1 − e2)P12/(6pirg) and TGR =
R(1 − e23)P3/(6piRg), where P12 and P3 are, respectively, the
orbital periods of the inner and outer binaries. On the other
hand, the Kozai-Lidov timescale is
tLK ' m12M3
(
Rp
a
)3 P12
(1− e3)3/2
' P12
(1− e3)3/2
(11)
' 1.0×104 (1+q)−1/2
(
1− e3
10−5
)−3/2
×
(
m1
10M
)(
a
105 rg
)3/2
yr (12)
(e.g. Naoz 2016), where in Equation (11) we have replaced
Rp with Equation (1). From the above timescales we find that
TGR
tLK
' (1+q)1/2
(
Rp
3piRg
)
> 1, (13)
tGR
tLK
= (1− e2)(1− e3)3/2
(
a
6pirg
)
(14)
' 1.7×10−4(1− e2)
(
1− e3
10−5
)3/2( a
105rg
)
. (15)
Now that TGR > tLK, the precession of the outer binary does
not quench the Lidov-Kozai mechanism. However, the pre-
cession of the inner binary does, because tGR . tLK unless
1 − e3 & 10−2. Therefore, the outer binary circularizes first
and the merger of the inner BHB happens at a much later time.
Figure 1 illustrates this general picture.
low frequency GW
high frequency GW
(i)
(ii)
(iii)
FIG. 1.— Three evolutionary stages of a b-EMRI. (i) A compact BHB is
captured to a bound orbit around a SMBH because the pericenter distance
becomes comparable to the tidal-disruption radius, Rt . (ii) The outer binary
circularizes due to GW radiation, and the GW frequency lies in the band of a
space-borne GW detector. (iii) When the eccentricity of the outer binary de-
creases to about 0.85, the tidal force of the SMBH becomes strong enough to
excite the eccentricity of the inner BHB and drive it to merge. High-frequency
GWs detectable by ground-based observatories are emitted during the merger,
together with the low-frequency waves from the outer binary.
4. ABORTING A B-EMRI
We now study the late evolution of the b-EMRI, i.e. after
1−e3 has increased to about 0.01. We have seen from the last
section that the Lidov-Kozai mechanism starts to affect the
evolution of the inner BHB. Since we find that
tLK
tgw
' 2.6×10−8 q(1+q)
1/2
F(e)
(
1− e3
10−2
)−3/2( a
105rg
)−5/2
,
(16)
tLK
Tgw
' 2.1×10−6 (1+q)11/6
(
1− e3
10−2
)−1
×
(
m1
10M
)−2/3( M3
106M
)2/3( a
105 rg
)−5/2
, (17)
GW radiation is not important on the Lidov-Kozai timescale,
at least at the beginning of the interaction when e . 0.5.
4Therefore, both the energy and angular momentum of the
triple is conserved, so that we can use the standard Lidov-
Kozai scenario to predict the subsequent evolution.
The Lidov-Kozai mechanism in general drives the eccen-
tricity of the inner binary, e, to evolve between a maximum
and a minimum value determined by the initial conditions of
the triple. Consequently, tgw varies according to the function
of F(e). If the maximum e is so high that tgw becomes shorter
than tLK, the inner BHB decouples from the triple and merges.
The merger terminates the b-EMRI and transforms it into a
standard EMRI.
To find out when the decoupling will happen, we re-
evaluate Equation (16). The small numerical coefficient in-
dicates that only when F(e) . 10−7 can tgw be comparable to
or shorter than tLK, i.e. e is extremely large when the decou-
pling happens. On the other hand, e cannot exceed the limit
imposed by the condition tGR > tLK. Otherwise, the relativistic
precession will quench the Lidov-Kozai mechanism.
Therefore, terminating a b-EMRI requires that tgw < tLK <
tGR. By evaluating Equations (15) and (16), we find that the
necessary condition for the binary to merge is
1− e3 & 0.15q−4/15(1+q)−2/15
(
a
105 rg
)−4/15
. (18)
This condition does not explicitly depend on mass, implying
that the merger will happen regardless of the composition of
the binary (be it a BH or a neutron-star binary).
To prove that the above condition is sufficient, we run nu-
merical simulations to study the evolution of e. Our method
is different from those used in the earlier studies of a BHB
around a SMBH. We cannot adopt the standard scheme of
“double-average” (Naoz 2016) to integrate our triple system
because the evolutionary timescale tLK is comparable to the
orbital period of the outer binary P3. One can see this by sub-
stituting the term 1− e3 in Equation (11) with 1− e3 = Rp/R.
For this reason, we use the scheme developed in Luo et al.
(2016) to orbital-average only the inner binary and numeri-
cally solve their Equation (19) to get the evolution of e. Al-
though this “single-average” scheme does not account for the
effect of relativistic precession, this caveat would not signifi-
cantly change our conclusion as long as e3 . 0.85, as we have
shown by deriving Equation (18).
Figure 2 shows an example of our numerical simulation.
It confirms our prediction that e is excited to a large value
such that the condition for a merger, tgw = tLK, can be satis-
fied. This happens close to the periapsis passage, where the
true anomaly is 2pi. The figure also suggests that the relativis-
tic precession would not quench the Kozai-Lidov mechanism
because an even larger e is needed.
5. DISCUSSIONS
In this Letter we have presented a new type of EMRIs. They
form due to tidal capture of BHBs by SMBHs. We refer to
them as b-EMRIs.
We find that the binaries should meet the criterion of a .
acri ' 5× 104 rg to overcome the perturbations by the sur-
rounding stars and inspiral successfully towards the SMBHs.
Interestingly, these binaries are detectable by a space-borne
GW observatory, such as the Laser Interferometer Space An-
tenna (LISA, Amaro-Seoane et al. 2017). This is so because
LISA is sensitive to the GWs with a frequency of f ∼ 10−3 Hz
and the strongest GW mode that a BHB emit is of a frequency
0 1 2 3 4 5 6 7 8 9
10-3
10-2
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100
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FIG. 2.— Excitation of the eccentricity of a BHB during its final orbit
around the SMBH. The upper (lower) panel shows the evolutionary track
(solid line) as a function of the true anomaly (time). Here we choose
m1 = m2 = 10M, M3 = 106 M, a = 5× 104 rg, Rp = 1.4Rt , e = 0.1, and
e3 = 0.75 as the initial conditions. The inclination angle between the inner
and outer binaries initially is 10 deg. The BHB starts at the periapsis where
the true anomaly is 0. When it completes an orbit around the SMBH and
returns to the periapsis, the eccentricity is excited to such a large value that
the condition for a merger, tgw = tLK (dotted lines), is satisfied. The condi-
tion for the relativistic precession to quench the Lidov-Kozai mechanism, i.e.
tGR = tLK, is indicated by the dashed lines.
of f ' pi−1√Gm12/[a(1− e)]3 (Farmer & Phinney 2003; Wen
2003). As a result, those BHBs with a semi-major axis of
a∼ 3.4×104 rg f −2/3−3
(1+q)1/3
1− e
(
m1
10M
)−2/3
(19)
are inside the LISA band, where f−3 := f/(10−3 Hz).
On the other hand, the orbital motion of the BHBs around
the SMBHs also generate GWs. It is important to understand
whether this radiation is also detectable. Similar to the pre-
vious analysis for BHBs, we calculate the frequency of the
strongest GW mode as f = pi−1
√
GM3/R3p, so that a b-EMRI
is inside the LISA band if its periapsis is
Rp ∼ 16Rg f −2/3−3 M−2/36 . (20)
We notice that the above criterion a . acri indicates that our
b-EMRIs typically have
Rp . 21Rg
(
Trlx
109 yr
)1/4 q3/8
(1+q)1/4
×
( η
0.1
)3/8( m1
10M
)1/2( M3
106M
)−3/4
. (21)
Therefore, they are indeed detectable by LISA. Now we have
a source which generates two types of GWs, i.e from the
BHB and its orbit around the SMBH, in the same band and
at the same time. It is extremely interesting from the observa-
tional point of view. In particular, the phase of the GWs from
the BHB will be modulated by the orbital motion around the
SMBH (Inayoshi et al. 2016; Meiron et al. 2017).
Moreover, we have shown that GW radiation, in general,
circularizes a b-EMRI. However, when the eccentricity of the
5outer binary has decreased to about e3 ∼ 0.85, the tidal force
of the SMBH is strong enough to excite the eccentricity of the
BHB to an extreme value and trigger the merger of the binary.
As a result, the b-EMRI aborts before the BHB gets too close
to the SMBH.
The termination of the b-EMRI provides a rare but valu-
able case for future multi-band GW observations. First, the
merger generates high-frequency GWs, i.e. a LIGO/Virgo
event that is simultaneous with and in the same sky location
of a LISA EMRI event. Second, the high-frequency GWs
could be redshifted because they are generated very close to
a SMBH (Chen et al. 2017), providing a rare opportunity of
studying the propagation of GWs in the regime of strong grav-
ity. Third, the merger also induces a kick to the BH remnant
(Centrella et al. 2010). This kick causes a glitch in the EMRI
waveform, which, through a careful analysis, is discernible in
the data stream (Han & Chen 2018).
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